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Flow of Dilute Polymer Solutions in Rough Pipes

Micuaen Poren®
The University of Iowa, Towa Cily, Towa

A simplified model is developed to describe the effects of boundary roughness on drag re-
duction achieved by polymer additives. The model is based on the assumption that the effect
of the roughness is similar for flows with and without polymers, and can be used for both
uniform and nonuniform roughness. Predictions of friction coefficients by means of the
model are in reasonable agreement with experimental results.

Introduction

HE use of polymers to reduce friction losses has been in-

tensively investigated during the last decade, but most of
the investigators have been concerned with flows past smooth
boundaries. The question of drag reduction in the case of
rough boundaries is of practical importance since most
commercial pipes and surfaces of marine vehicles usually have
some degree of roughness. Experiments with rough pipes!—3
have shown that polymers are less effective in this case and
that drag reduction tends to be zero as the roughness is in-
creased. No theory has been offered to explain these ob-
servations.

A simplified analytical model describing the combined
effect of uniform roughness and polymer solutions on the flow
is proposed herein. The effect of nonuniform roughness,
with and without polymers, is then related to the case of uni-
form roughness.

Flow of Dilute Polymer Solutions in Smooth Pipes

Although the exact mechanism of drag reduction is not
fully understood, it is apparent from velocity-distribution
measurements that drag reduction is associated with an in-
creased thickness of the viscous sublayer and that the strue-
ture of the flow outside the wall region is hardly changed in
dilute polymer solutions. It is also evident that drag re-
duction occurs only when the shear stress near the wall ex-
ceeds a critical value. Measurements in smooth pipes have
led Meyer? to suggest that the mean longitudinal velocity «
in dilute polymer solutions is deseribed by the logarithmie
equations

w/V* = A log(eV*/v) + B 4+ Au* )

and
Aut = o log(V*/V*,:0) 2)

where z is the distance from the wall, « is a concentration de-
pendent parameter, V* = (r,/p)¥? is the shear velocity,
¥V *.ic 1s the shear velocity at the onset of drag reduction, and
A, B are the constants used in the Newtonian case without
polymer, 4 = 5.75, B = 5.5.

Equation (1) is assumed to be valid for V* > V*,;; whereas
for V¥ < V*.i, Aut=0. Equation (1) may also be written

as
w/V* = A log[@V*/»)(V*/V*u)*/4] + B 3)

Integrating Eq. (1) over the pipe cross section, an approxi-
mate expression for the Darcy-Weishach friction coefficient f
is obtained:

1pie = 1 logRe(f)V + B + Aut/®):  (4)

Received April 17, 1970; revision received August 14, 1970.
The work was supported by Office of Naval Research, Contract
Nonr-1611(03), The writer wishes to thank J. G. Spangler for
sending him the original data published in Ref. 1, and I.. Land-
weber for his interest in the work and helpful suggestions.

* Visiting Professor, Institute of Hydraulic Research (on leave
from Technion—Israel Institute of Technology).

The integration gives 4 = 2.03 and B = —0.9; however,
4 = 20and B = —0.8 give better agreement with the data
and are usually assumed.

According to Eq. (2), the value of Au™ depends on two
characteristic parameters of the polymer solution « and
V*ui.  Data collected by different investigators, with sup-
posedly the same polymer solutions, however, do not always
yield identical values of & or V*,i:.  One reason for the large
scatter in the measured values of « and V¥, is undoubtedly
the different characteristics of polymers which have the same
brand name. In addition, polymer solutions can be degraded
during the preparation of the solution or the experiment it-
self. The success of models used to predict the values of «a
and V*,;, theoretically have so far been limited, and thus, it is
required to determine them experimentally.>—?

Flow of Newtonian Fluids in Rough Pipes

Like polymers, surface roughness leaves the structure of the
flow away from the wall unaltered, and the velocity-defect
law remains valid in both cases.’ It is therefore possible to
express the velocity profiles of a Newtonian fluid near rough
boundaries by the equation

u/V* = A logzV*/v) + B — F (5)
where F' is the downward shift of the logarithmie profile as a
result of surface roughness. The dimensionless parameter £
is found to be a function of the Reynolds number of the rough-
ness kV*/v where k is the characteristic size of the roughness.
1ts exact form depends, however, on the shape of the rough-
ness.

Figure 1, taken from Schlichting,' deseribes the measure-
ments of Nikuradse for pipes with uniform sand roughness.
The broken line in Fig. 1 describes the following approxima-
tion of I:

Fw) =0, w < 3.35 (6a)
Fw) = 0.26 (w — 3.35) — 0.0026 (w — 3.35)%,
3.35 <w <20 (6b)
F(w) = 5.75loglw — 2.0 — 17.4/(w)"2] — 3.0, 20 <w (6¢)
wherew = kV*/v.
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Fig. 1 Nikuradse’s measurements in pipes with uniform
sand roughness (according to Schlichting!®); B’ = 5.75 log

(kV*/») + 5.5—F.
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Fig. 2 Shift of the logarithmic profile due to roughness . Lo
and polymer additives; curve 1 flow in smooth pipes Fig. 4 Variation of AB for « = 17.2.
without polymers, curve 2 flow in smooth pipes with
polymers [Egs. (1) and (2)}, curve 3 flow in rough pipes
without polymers [Eq. (5)], curve 4 flow in rough pipes where

with polymers [Eqgs. (16) and (17)], curve 5 flow in very
rough pipes with and without polymers [G.: = Aut —F,,
Eq. (8)1.

The asymptotic form of F for very large values of kV*/v

is

P = Alog(kV*/») + € @)
where ¢ = —3.0. Thus, the velocity profile for large
kV*/vis given by

w/V* = Alogle/k)y + B — C 8)

and is independent of the viscosity.
In the region where F,, > 0, Eq. (5) may be written in the
form

w/V* = AlogeV*/v) + B — Fas-REV*/v) )
where
REV*/v) = FEV*/v)/F . (10)

The Reynolds number kV*/» may be expressed in terms of
the ratio of k to a nominal sublayer thickness. The nominal
sublayer thickness § can be defined by the intersection of
Eq. (1) and the equation w/V* = zV*/». Accordingly, for
Newtonian fluids without polymers

8V*/y = A log(6v*/v) + B 11
which gives, for A = 5.75and B = 5.5
8V*/v = 11.6 (12)
and
EV*/v = (8V*/v)-(k/8) = 11.6 k/6 (13)

Thus, Eq. (5) may be written as
u/V* = Alog(eV*/v) + B — Fa..-p(k/6) (14)
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Fig. 3 Variation of AB with kV*/» (kV*ai/r = 6 and
a = 17.2).

L)

p(k/8) =0, k/8 < 0.20 (152)
p(k/8) = {0.16[11.6(k/8) — 3.35] — 0.0026[11.6(k/8) —
3.3512} /[5.75 log(11.6 k/8) — 3.0], 0.29 < k/6 < 1.72
' (15b)
pk/8) = [5.751og[11.6 k/6 — 2.0 — 17.4/(11.6 k/8)V2] —
3.01/[5.75 og(11.6 k/8) — 3.0], 1.72 <k/8 (15¢)

Model for Flows of Polymer Solutions in Pipes
with Uniform Roughness

Since neither rough boundaries nor polymer additives
affect the structure of the turbulent flow away from the wall,
it is reasonable to assume that the combined effect of both
will not alter the velocity defect law either. It is therefore
possible to express the velocity distribution (see Fig. 2) as

u/V* = AlogV*/v) + B + AB (186)
or
W/ V* = Alogl@V*/n)(VH/ V¥4 + B — G (17)

As already pointed out by Spangler! there is no drag reduction
in very rough pipes, and the velocity profile is therefore de-
scribed by Eq. (9). This indicates the asymptotic value of
GinEq. (17)

Gas = A log[kV*/»)(V*/V*,i)2/4] — 3.0 (18)

Thus, the function G in Eq. (17) varies from zero at small £/
and approaches G.. as k/é becomes large. Since Eqgs. (5)
and (7) can be considered the special case of Eqs. (17) and
(18) when a = 0; the assumption will be made that, similar
to Eq. (14),

u/V* = Alog[@V*/v)(V¥/V¥.i)*/4] — Gus-p(k/8) (19)
where G, is given by Eq. (18), p is given by Eq. (15) and 6 is

0.10;
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Fig.5 FKriction coefficients without polymers (experimen-
tal data of Spangler?).
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Fig. 6 Variation of AB according to Spangler.!

determined by
SV*/v = A log(6V*/v) + B + a (logV*/V*.i) (20)

This satisfies the condition that Eqgs. (19) and (20) reduce to
Eqgs. (14) and (12) when @ = 0. The parameter AB in Eq.
(16) that desecribes the combined effect of the polymers and
the roughness on the velocity profile (see Fig. 2) is thus given
by

AB = alog(V*/V*.ir) — Gus-p(k/8) =
Ayt — Gu-p(k/6)  (21)

The value of 8V*/» for polymer solutions is determined by
o and V*/V*.; and thus, AB is a function of the dimension-
less parameters «, kV*/v, and kV*..i./». Figure 3 deseribed
the variation of AB according to Eq. (21) as a function of
EV*/y for kV*./v = 6and = 17.2. Since k, V*., and «
are constants for a given pipe and a particular polymer solu-
tion, an inerease of AV*/v in this figure corresponds to an
inerease in the velocity. When kEV*/v < kEV*..ii/v, the curve
of AB for the polymer solution coincides with the correspond-
ing curve for the flow of a Newtonian fluid; it is zero up to
EV*/v = 3.35 and negative thereafter. AtAV*/v > EV*/voci,
the value of AB increases because of the effect of the polymers.
In this case, it is positive over a certain range of £V*/v indi-
cating friction smaller than for a Newtonian fluid in a smooth
pipe. At large £V*/v, the curve approaches the asymptotic
curve for a completely rough flow. The broken line «-log-
(V*/V*.:0 In this figure designates the value of AB for the
flow of this polymer solution in a smooth pipe.

Similar curves for various values of kV*.i/v and o = 17.2
are given in Fig. 4. It is seen from this figure that for
EV*.i/v > 15 drag reduction is very small and is limited to a
narrow range of shear stresses. For kV*/» larger than 100,
the drag reduction achieved is small even for efficient polymers
with small V¥,
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Fig. 7 Friction coefficients with 31 ppm Polyhall 29
(experimental data of Spangler?).
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Fig. 8 The effect of roughness nonuniformity on F.

Comparison with Experimental Results

Unfortunately, it is not possible to determine the values of
a and V*.. for all the published data. Spangler! has re-
ported a large number of measurements with a solution of
Polyhall 295 in a smooth pipe and in three rough pipes.
Polyhall 295, a product of Stein-Hall and Co., is an efficient
drag reducing polymer with a molecular weight of 5-6 mil-
lions.

The roughness was produced by threading the inside of
brass tubes with specially-made taps. On the basis of his
measurements he concluded that for the particular concentra-
tion tested, ¢ = 31 ppm, ¢ = 17.2, and V¥*.;, = 0.0968 fps
(2.95 em/sec). 'The roughnesses in these pipes which we shall
designate by 1, 2, and 3, were designed to give B/k = 18, 36,
and 72 which correspond to kV*.i/r = 16, 8, and 4, re-
spectively.

Figure 5 summarizes Spangler’s measurements of the fric-
tion factor f without polymers and compares them with re-
sults from Nikuradse’s measurements shown by broken lines.
The measurements with pipe 2 are quite close to Nikuradse’s
line for B/k = 36 exeept for a deviation of approximately 209
at low Reynolds numbers. The data from pipe 1 deviate
slightly from Nikuradse’s line for R/k = 18. A better fit
was obtained using R/k = 16 which corresponds to kV*..../»v
= 18. The measurements in pipe 3 deviate considerably from
the corresponding curve for R/k = 72 and instead follow the
curve for R/k = 47. These measurements demonstrate
clearly the fundamental difficulty encountered in predicting
friction losses in rough pipes. The value of k for a particular
type of roughness cannot be predicted with great accuracy.
Even when an equivalent value of & is determined experi-
mentally by measurements in the region kV*/» > 200, devia-
tions of more than 209, in f may be obtained at the lower-
velocity range.

Spangler’s measurements with Polyhall 295 are summarized
in Figs. 6 and 7. Figure 6 was presented by Spangler who
used the estimated values for R/k of 18, 36, and 47. The
shape of the experimental curves in this figure is similar to
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Fig. 9 The effect of roughness nonuniformity on AB.
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that of the theoretical curves presented in Fig. 4. The data
from pipe 1 show only small drag reduction near kV*/» = 50
as suggested by the proposed model for this range of £V *..i./».
The values of £V*..it/v corresponding to B/k = 18 and 16 are
approximately 16 and 18.

The data from pipe 2 (kV*..it/v = 8) follow more or less the
shape of the corresponding theoretical line. The theoretical
values of AB are found, however, to be slightly smaller than
the experimental values near kV*/» = 20 and larger than the
experimental values near kV*/y = 80.

The measurements in pipe 3 appear to be close to the
theoretical curve for kV*,i/» = 5 which corresponds to
R/k = 56.

The values of f calculated using the proposed model are
compared with the measurements of f in Fig. 7. The differ-
ence between the theoretical values, which are described by
broken lines, and the experimental ones are only slightly
larger than the discrepancies found for flows without polymers
(see Fig. 5).

Extension of the Model to Nonuniform Roughness

The derivation of the function p in the proposed model for
uniform roughness is based on the assumption that F(kV*/v)
in Eq. (5) is smaller than F .. and that the ratio F'/F.; is finite
for every value of £V*/y. This assumption is satisfied by
Nikuradse’s data as well as by the measurements of Hama!!
in boundary layers on uniformly roughened flat plates.
However, it has been shown by Colebrook!? that F(kV*/v)
in commercial pipes with nonuniform roughness is not neces-
sarily zero in the region kV*/v < 3.35, although its asymptotic
value is the same as for uniform sand roughness. A simpli-
fied model which explains the effect of roughness nonuni-
formity on F is proposed in thissection. Using this model, it
is possible to extend to nonuniform roughness the previcusly
proposed method for estimating drag reduction.

Consider a surface with n sizes of roughness elements
ki, ..., ka. The velocity profile in this case can be de-
scribed by

u/V* = A logV*/») + B — F(kV*/v) (22)

where % is the equivalent size of the nonuniform roughness.
It is proposed to estimate the function /7 as follows:

FEV*/v) = 3 ar-F(kiV*/v) (23)
i=1
where F is given by Eq. (21), and q; is the relative effective
influence of the corresponding size. The coefficients a, are
positive and

Sac=1 (24)
=1

The equivalent roughness k is determined at large values of
kV*/vwhere FF isequal to F.s.  Accordingly,

n

Fa(kV*/v) = 3 aiFos(k:V*/v) (25)
i=1
or

a

log(kV*/v) — 3.0 = X a:[(logkV*/v) — 3.0)] (26)

i=1
It follows that
k= k™ koo ko 27)

Consider for example a blend of two roughness elements %,
and ky with a; = a2 = 0.5 and ks = Z - ki, where Z is a param-
eter describing the roughness nonuniformity. It follows from
Eq. (27) that

k=Zk = k/Z (28)
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When k; and a: are known, the function F(kV*/v) can be
calculated from Eq. (23). Figure 8 describes the shape of ¥
for Z = 2 and 3. When Z > 1 the effect of roughness is
recognized for kV*/v < 3.35. Physically, this demonstrates
the effect of the larger elements. On the other hand, the
effect of the nonuniformity at large values of kV*/» is rather
small. The curve for Z = 3 is quite similar to those ob-
tained in commercial pipes.2

Let us examine now the effeet of drag-reducing polymers in
rough pipes of nonuniform roughness. Using this model with
Z = 2, the values of AB have been calculated and plotted in
Fig. 9 for kV*.ie/v = 4, 8 and ». Again, the effect of the
roughness becomes apparent at values of kV*/» < 3.35.
It is seen that near £V*/y = 20, AB is smaller when Z = 2
than it is when Z = 1; while near kV*/» = 80, the mixed
roughness gives more drag reduction than uniform roughness
with the same £. As pointed out earlier, the deviation of the
experimental data from the theoretical curves for uniform
roughness (Z = 1) are in the same direction. The deviation
of Spangler’s measurements with water at low Reynolds
numbers also suggests that the threads produced an effect
which is better described with the mixed roughness model.
The values of f for pipe 2 with R/k = 36 and Z = 2 have been
calculated and are shown in Fig. 7 by a solid line. This line
is a better approximation of the experimental data than the
broken line calculated with Z = 1.

The function 7' can also be caleulated for a continuous dis-
tribution of roughness. In this case,

FORV*/v) = j; APV /v)dk (30)

where a(k) 1s an effective weight distribution which satisfies
the condition

fo * atk)dk = 1 @31)

The equivalent roughness & is determined in this case by the
equation

logh = fo ® a(k) loghkdk (32)

Conclusions

The lack of detailed theories for drag reduction and for
turbulent flows in rough pipes makes it impossible to derive a
rigorous theory to describe the effects of polymers on flow in
rough pipes. The simplified model proposed in this work is
based on the assumption that the effect of the relative rough-
ness size is similar for flows with and without polymers.
The model appears to be successful in describing, at least
qualitatively, the experimental results. The deviation of the
experimental results from the theoretical caleculations with the
model is of the same order of magnitude as the one obtained
in flows without polymers.
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Diffusion of a Rectilinear Vortex in a Weakly

Viscoelastic Liquid

Ricuarp C. LEssmann®
Universily of Rhode Island, Kingston, K. 1.

The classical problem of the decay of a rectilinear vortex because of the action of viscosity is
extended to include the diffusion of vorticity in a weakly viscoelastic fluid. A second-order
Rivlin-Ericksen stress tensor is used to model the viscoelastic nature of the flowfield; and the
governing equations are solved by use of the Hankel transform. It is found that a “‘classical”
vortex structure can exist in this type of fluid only if a certain constant in the stress tensor is
positive, and, by recourse to kinetic theory, this constant is found to be negative for aqueous

solutions of high molecular weight polymers.

Nomenclature

A = Avogadro’s number
1 (2
BY, BY = contravariant Rivlin-Ericksen acceleration tensors
C = polymer concentration by weight
D/Di = 9/dt 4+ u-v = material derivative
ér,69,6; = unit vectors in cylindrical polar coordinates

= surface force vector acting on a fluid particle
gij = metric tensor
k = THankel transform variable
K = Boltzmann’s constant
M = molecular weight of polymer
N = number density of polymer
P = pressure
T = absolute temperature
t = time
u = vector fluid velocity
ul = 7th component of the contravariant velocity vector
Ty,2s,2; = cylindrical polar coordinates corresponding to r, 6, z
B8,y = material constants in the viscoelastic stress tensor
T = circulation
345 = Kronecker delta (8;; = 0,7 5 j, 85 = 1)
[ = absolute viscosity
[u] = intrinsic viscosily
v = kinematic viscosity
P = density
74 = contravariant stress tensor
71 = relaxation time
© = vorticity vector
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Subscripts
( )» = viscous variable
( Jge = viscoelastic variable

Introduction

HE decay of a rectilinear vortex because of the action of

viscosity is a problem of fundamental importance in
classical hydrodynamics. The solution of this problem is
extended here to include vortex diffusion in a weakly visco-
elastic medium which is described by a second-order Rivlin-
Ericksen stress tensor.

Interest in this problem is an outgrowth of the fact that
recently much engineering effort has been expended in the
study of dilute aqueous solutions of high molecular weight
polymers. This class of fluids is important because of their
ability to greatly reduce the drag of a submerged body in
turbulent flow,! and because the presence of polymers in a
laminar boundary layer tends to inhibit cavitation.?

Injection of such drag reducing additives into a boundary
layer means that control surfaces and propulsers must fune-
tion in weakly viscoelastic environments. All classical
analyses of such things as propeller blades and stabilizing fins
require a knowledge of the behavior of idealized vortices;
hence it is of particular interest to understand the nature of
vortex flow in this type of fluid.

The second-order Rivlin-Ericksen approximation to the
stress tensor is used in this study for several reasons. Most
important of these is that it probably represents the limit of
tractability for an analytic investigation and because of this,
it enjoys a wide application in the literature. In addition, it
has been successful in demonstrating normal stress effects in



